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We theoretically discuss a momentum-space analog of the quantum Hall effect, which could be
observed in topologically nontrivial lattice models subject to an external harmonic trapping poten-
tial. In our proposal, the Niu-Thouless-Wu formulation of the quantum Hall effect on a torus is
realized in the toroidally shaped Brillouin zone. In this analogy, the position of the trap center in
real space controls the magnetic fluxes that are inserted through the holes of the torus in momen-
tum space. We illustrate the momentum-space quantum Hall effect with the noninteracting trapped
Harper-Hofstadter model, for which we numerically demonstrate how this effect manifests itself in
experimental observables. Extension to the interacting trapped Harper-Hofstadter model is also
briefly considered. We finally discuss possible experimental platforms where our proposal for the
momentum-space quantum Hall effect could be realized.
I. INTRODUCTION
The discovery of the quantum Hall effect revealed the
dramatic role that topological properties of quantum
states can have on observable quantities. In the quantum
Hall effect, the transverse Hall conductivity of a two-
dimensional (2D) electron gas is precisely quantized in
the presence of a strong, static, and perpendicular mag-
netic field [1, 2]. The first step towards a theoretical un-
derstanding of this effect was put forward by Laughlin [3].
By considering a 2D electron gas confined to the curved
surface of a cylinder, Laughlin found that the quantized
Hall conductivity was related to the response of the sys-
tem to an insertion of a magnetic flux through the ends
of the cylinder. Soon afterwards, Thouless, Kohmoto,
Nightingale, and den Nijs (TKNN) [4] discovered that
the quantum Hall response could be expressed in terms
of a topological invariant of the energy band, the so-called
Chern number, opening up the new field of topological in-
sulators and superconductors in solid-state physics [5, 6].
A few years after the TKNN paper, an elegant formu-
lation of the quantum Hall effect was proposed by Niu,
Thouless, and Wu [7, 8]. By imagining the 2D electron
gas confined to the surface of a torus, they found that
the Hall conductance could be written in terms of the
response of the system to twists of the boundary condi-
tion around the torus, or, equivalently, to the insertion
of magnetic fluxes through the holes of the torus. This
formalism has the advantage over other approaches that
it is not restricted to non-interacting, clean systems, but
can also describe the many-body quantum Hall effect in
the presence of interactions and disorder. Thanks to its
wide applicability, the Niu-Thouless-Wu formulation of
the quantum Hall effect has therefore been used exten-
sively as a powerful tool to theoretically understand both
the integer and fractional quantum Hall effects [9]. The
quantum Hall effect on a torus is also itself an important
subject of study as a system in a fractional quantum
Hall state is generally characterized by a topologically-
protected ground-state degeneracy when the underlying
geometry is multiply connected [10]. Unfortunately, the
experimental difficulty of preparing a quantum Hall sam-
ple in the toroidal geometry, which is essential for the
Niu-Thouless-Wu formulation, has so far hindered a di-
rect experimental realization of this gedankenexperiment.
In all of the works quoted above, as well as in most
of the literature, the quantum Hall effect was studied
in the usual real-space case, i.e., where the Hall current
is an electric current that flows in real space along the
physical edges of the sample and where the conductance
in response to a real-space electric field is quantized to
an integer value.
FIG. 1: The analog magnetic fluxes that are inserted through
the holes of the toroidally-shaped Brillouin zone, whose length
in the px direction is Lx and in the py direction is Ly. In this
analogy, the Berry curvature Ω(p) acts as an effective mag-
netic field in momentum space. The trap center is located at
(x0, y0). (a) The toroidal structure of the Brillouin zone. (b)
The flux corresponding to x0 6= 0. (c) The flux corresponding
to y0 6= 0.
In this paper, we show that a generalized quantum
Hall effect can also occur in momentum space. A 2D
topologically-nontrivial model in momentum space is re-
alized by applying a harmonic confining potential to an
underlying 2D topologically-nontrivial real-space model.
The Berry curvature of the underlying energy bands acts
as an effective magnetic field in momentum space and the
underlying band dispersion acts as a periodic potential
in momentum space, while the confining potential pro-
vides the momentum-space kinetic energy [11, 12]. The
2global connectivity of momentum space is also set by
the Brillouin zone, which naturally maps onto a torus
as the quasi-momentum is periodic with respect to the
reciprocal lattice vectors. Importantly, it turns out that
moving the center of the harmonic trap through the two-
dimensional real space corresponds to the insertion of
magnetic fluxes through the two holes of the torus in mo-
mentum space, as depicted in Fig. 1 and further described
in the body of the paper. According to the Niu-Thouless-
Wu formalism, the momentum-space Hall conductivity is
then related to the real-space displacement of the wave
function from the trap center when the latter is moved in
real space so as to vary the momentum-space magnetic
flux. As a result, this proposal of the quantum Hall effect
in momentum space provides the first realistic system for
which the quantum Hall effect on a torus can be observed
in experiments. We note that in terms of the formalism of
the dynamical quantum Hall effect developed in [13], our
momentum-space quantum Hall effect can be interpreted
as a dynamical quantum Hall effect where the dynamical
parameter is the position of the trap center.
In Sec. II, we briefly review the Niu-Thouless-Wu for-
malism of the quantum Hall effect, before reviewing the
effective momentum-space theory of a particle in topo-
logically nontrivial models in the presence of an external
harmonic trap in Sec. III. Based on these concepts, we
then proceed in Sec. IV to present the momentum-space
quantum Hall effect for general momentum-space topo-
logical models. In Sec. V, the general idea is applied
to the specific case of a trapped non-interacting Harper-
Hofstadter model, for which we numerically confirm the
expected features of the quantum Hall effect in momen-
tum space. We extend our discussion to include the effect
of weak interactions in this model in Sec. VI. Finally, in
Sec. VII we discuss possible experimental setups based
on ultracold gases and photonics where the momentum-
space quantum Hall effect could be observed in the near
future, before drawing conclusions and presenting future
perspectives in Sec. VIII.
II. THE NIU-THOULESS-WU FORMALISM OF
THE REAL-SPACE QUANTUM HALL EFFECT
We first review the Niu-Thouless-Wu formalism of the
usual quantum Hall effect in real sapce [7, 8]. We consider
a two-dimensional system of N particles whose Hamilto-
nian is
H =
N∑
a=1
(
[pa −A(ra)]
2
2m
+ V (ra)
)
+Hint, (1)
where m is the mass of a particle, pa is the momentum
of a particle labeled a, and A(ra) and V (ra) are the
vector potential and the scalar potential of the particle
at position ra. We have set the charge of a particle to
be unity. The term Hint takes into account inter-particle
interactions.
When the system is in a many-body eigenstate |α〉 of
the Hamiltonian (1), the Hall conductivity in the pres-
ence of an additional external electric field is given by
the Kubo formula:
σxy =
−i
LxLy
∑
β 6=α
〈α|Jx|β〉〈β|Jy |α〉 − 〈α|Jy |β〉〈β|Jx|α〉
(Eα − Eβ)2
(2)
where Lx and Ly are the lengths of the system in the
x and y directions, respectively, and we have set ~ = 1.
The sum is over all many-body eigenstates |β〉 different
from |α〉, where Eα and Eβ are the energies of the states
|α〉 and |β〉, respectively. The µth component of the total
current operator J is
Jµ =
N∑
a=1
pa,µ −Aµ(ra)
m
. (3)
Now, we assume that the particles are confined to move
on the surface of a torus. In the presence of a non-zero
magnetic field, the vector potential A(r) cannot be made
periodic over the torus, and instead satisfies the following
boundary conditions [9]:
Ax(x, y + Ly) = Ax(x, y) + ∂xφy(x, y),
Ay(x+ Lx, y) = Ay(x, y) + ∂yφx(x, y), (4)
with transition functions φx and φy which are uniquely
defined up to a constant additive factor.
Correspondingly, also the wave function Ψ({ra}) =
〈{ra}|α〉 is not periodic but satisfies
Ψ({xa + Lx, ya}) = e
i
∑
a
[φx({xa,ya})+θx]Ψ({xa, ya}),
Ψ({xa, ya + Ly}) = e
i
∑
a
[φy({xa,ya})+θy]Ψ({xa, ya}),
(5)
where the additional constants θx and θy can be arbitrar-
ily chosen so as to provide the desired “twist angles” in
the boundary conditions.
The physical meaning of these twist angles can be bet-
ter understood by performing the gauge transformation,
Ψ˜({xa, ya}) ≡ e
−iθx
∑
a
xa/Lx−iθy
∑
a
ya/LyΨ({xa, ya}),
A˜(ra) ≡ A(ra)− θL, (6)
where θL ≡ (θx/Lx, θy/Ly). With respect to this trans-
formed wave function Ψ˜, the boundary conditions no
longer involve the twist θL, which now appears as a
constant term in the magnetic vector potential. As in
Laughlin’s gedankenexperiment [3, 14], when the under-
lying manifold is a torus, a constant shift in vector po-
tential corresponds to inserting a solenoid flux through
the two holes of the torus with a magnetic flux θx and
θy, respectively. Thus, a system with a twisted boundary
condition (5) without a flux through the torus is related
via a gauge transformation to a system without a twist
3in the boundary condition but with a flux through the
torus; the two pictures are fully equivalent.
Let us denote by |α˜〉 and |β˜〉 the many-body eigenstates
corresponding in the transformed gauge to the states |α〉
and |β〉 in the original gauge. Then, in the transformed
gauge the Hall conductivity is
σxy =
−i
LxLy
∑
β˜ 6=α˜
〈α˜|J˜x|β˜〉〈β˜|J˜y|α˜〉 − 〈α˜|J˜y|β˜〉〈β˜|J˜x|α˜〉
(Eα − Eβ)2
,
(7)
where
J˜µ =
N∑
a=1
pa,µ − A˜µ(ra)
m
= Lµ
∂H˜
∂θµ
, (8)
and the Hamiltonian reads as
H˜ =
N∑
a=1
(
[pa − A˜(ra)]
2
2m
+ V (ra)
)
+Hint. (9)
Using the relation
〈α˜|J˜µ|β˜〉 = Lµ(Eα − Eβ)
〈
∂α˜
∂θµ
∣∣∣∣ β˜〉 , (10)
whose proof is sketched in the footnote [31], and the com-
pleteness relation that
∑
β˜ |β˜〉〈β˜| is equal to the identity,
the expression (7) simplifies to
σxy = −i
(〈
∂α˜
∂θx
∣∣∣∣ ∂α˜∂θy
〉
−
〈
∂α˜
∂θy
∣∣∣∣ ∂α˜∂θx
〉)
≡ −Ω(θx, θy). (11)
This is the Berry curvature defined in the parameter
space spanned by (θx, θy). As shown in [7, 8], the conduc-
tance σxy no longer depends on the boundary conditions
θx and θy in the thermodynamic limit. Then we can take
an average over θx and θy, which results in
σxy = −
1
(2pi)2
∫ 2pi
0
dθx
∫ 2pi
0
dθy Ω(θx, θy) = −
1
2pi
C,
(12)
where C is the Chern number in (θx, θy) space: depending
on the nature of the state of interest, this Chern number C
can either be an integer when the state is non-degenerate
and gapped from other states (the integer quantum Hall
effect), or can take a fractional value when the state is
degenerate and gapped (the fractional quantum Hall ef-
fect).
This argument for the quantization of the Hall conduc-
tance relies on the assumption that we have a toroidal
geometry, and that the magnetic flux can be inserted
through the holes of the torus or, equivalently, that the
boundary condition of the system can be adjusted. The
torus geometry and the flux insertion are difficult to ex-
perimentally realize in the ordinary setup of the quantum
Hall effect in real space. Therefore, although the Hall
conductance has been measured in a simpler cylindrical
(Corbino disk) geometry [15], the measurement of the
Hall conductance in the full toroidal geometry is lack-
ing, and thus the Niu-Thouless-Wu formulation has so
far only been used for theoretical purposes.
In contrast, the main result of this paper is that both a
toroidal geometry and a flux insertion mechanism can be
realized in momentum space, resulting in the quantiza-
tion of the analog of the Hall conductivity in momentum
space. In the next section, we will follow [11, 12] and
review how topologically non-trivial momentum-space
models can arise from harmonically trapped topological
models in real space. In particular, we will show how a
controllable magnetic flux can be inserted through the
holes of the momentum-space torus by simply displacing
the center of the harmonic trap in real space.
III. EFFECTIVE MOMENTUM-SPACE
HAMILTONIAN
In this section, we review the momentum-space the-
ory of a particle in a topologically nontrivial model with
a harmonic confinement potential. We consider a two-
dimensional real-space lattice model with a harmonic
confining potential, described by the following single-
particle Hamiltonian:
H = H0 +
κ
2
{
(x− x0)
2 + (y − y0)
2
}
, (13)
where H0 is a periodic lattice Hamiltonian, and κ is the
strength of the harmonic confinement. The harmonic
potential is centered at a position r0 ≡ (x0, y0), which
need not coincide with a lattice site.
We assume that H0 has q bands, and that these
have nontrivial geometry, namely, the Berry connection
An,n′ ≡ i〈n,p|∇p|n
′,p〉 is generally nonzero. Here,
|n,p〉 is the Bloch state ofH0 labeled by the band index n
and the quasimomentum p and satisfyingH0e
ip·r|n,p〉 =
En(p)e
ip·r|n,p〉, where En(p) is the band dispersion of
the n-th band. In order to derive an effective model in
momentum space, we expand the wave function |Ψ〉 in
the Bloch state basis as |Ψ〉 =
∑
n,p ψn,pe
ip·r|n,p〉.
Assuming for the moment that the trap center is at
the origin (x0 = y0 = 0), the time evolution of the
momentum-space wave function ψn,p obeys [11]
i
∂
∂t
ψˆp(t) = Eˆ(p)ψˆp(t) +
κ
2
(
Iqi∇p +
←→
A (p)
)2
ψˆp(t),
(14)
where ψˆp(t) ≡ (ψ1,p, ψ2,p, · · · , ψq,p)
T , Iq is a q × q iden-
tity matrix, and Eˆ(p) is the diagonal matrix whose n-n
component is En(p). The Berry connection matrix
←→
A (p)
is a q × q matrix whose n-n′ component is An,n′(p).
Therefore, the time evolution of the momentum-space
4wave function ψˆp follows the momentum-space Hamilto-
nian
←→
HM ≡ Eˆ(p) +
κ
2
(
Iqi∇p +
←→
A (p)
)2
. (15)
The mapping from the original Hamiltonian (13) to the
momentum-space Hamiltonian (15) is exact with no ap-
proximation involved so far.
Now, we assume that the trapping potential and the
temperature are small enough that only the lowest band
is populated. Then, the dynamics of the momentum-
space wave function takes place only within the lowest
band. Thus, ψ1,p is the only nonzero component of the
wave function. Its time evolution obeys i∂tψ1,p(t) =
HMψ1,p(t), with an effective Hamiltonian [16, 17]
HM ≈ E1(p) +
κ
2
∑
n6=1
|A1,n(p)|
2
+
κ
2
[i∇p +A1,1(p)]
2
.
(16)
One may notice a clear analogy between this momentum-
space Hamiltonian and the Hamiltonian of a charged
particle in an electromagnetic vector potential. We ef-
fectively have, in momentum space, a charged particle
with mass κ−1 subject to a vector potential A1,1(p) and
a scalar potential E1(p) + (κ/2)
∑
n6=1 |A1,n(p)|
2. The
momentum-space magnetic field is given by the Berry
curvature in momentum space Ω(p) ≡ ∇p ×A1,1(p). It
is this analogy with the charged particle in a magnetic
field which enables us to explore the physics of quantum
Hall effect in momentum space. For simplicity, from now
on, we write A1,1 as A = (Ax,Ay). The total amount
of flux going through momentum space is given by the
integral of the Berry curvature over the Brillouin zone,
i.e., the usual topological Chern number in momentum
space. To explore analog magnetic effects, such as quan-
tum Hall effects, in momentum space, we therefore need
a model with a non-zero Chern number in momentum
space, and then to add an external harmonic trap to this
model.
We now allow the trap center r0 to be at a general posi-
tion, and show that the trap center r0 acts as an effective
magnetic flux inserted through the holes of the torus of
the Brillouin zone (Fig. 1). The term κ(i∇p +A)
2/2 in
(16) comes from the harmonic trapping potential κr2/2;
r ≡ (x, y) is replaced by its momentum-space represen-
tation i∇p +A. Then, when the trap center is shifted,
the trapping potential has the form κ(r−r0)
2/2, and the
momentum-space Hamiltonian becomes [12]
HM ≈ E1(p) +
κ
2
∑
n6=1
|A1,n|
2
+
κ
2
(i∇p +A0 − r0)
2
,
(17)
where A0 is the Berry connection when r0 = 0. When
the trap center is at a generic position, we can identify
a shifted Berry connection A ≡ A0 − r0, which imme-
diately shows how shifting the trap center corresponds
to adding a uniform component in the Berry connection.
As discussed in Sec. II for the real-space torus, this uni-
form component can be seen either as a flux through the
Brillouin zone, or, equivalently, as a twisted boundary
condition in the Brillouin zone. As a result, by changing
the position r0 of the trap center, one can control the
amount of the effective flux threading the holes of the
Brillouin zone torus.
In Fig. 1, we plot the directions of the magnetic fluxes
inserted in the momentum-space torus corresponding to
the shift of the trap center in both directions. The
amount of flux inserted in the Brillouin zone correspond-
ing to the trap center at x0 is Φx = Lxx0, where Lx is the
length of the Brillouin zone in the px direction [Fig. 1(b)].
Insertion of one magnetic flux quantum corresponds to
the trap center position of 2pi/Lx, which in turn corre-
sponds to the length of the unit vector of the real-space
lattice in the x direction. Therefore, moving the trap
center by one unit vector in real space corresponds to
inserting one magnetic flux quantum through a hole of
the momentum-space torus. Moving the trap center in
the y direction in real space corresponds to inserting a
magnetic flux of Φy = Lyy0 in momentum space in the
other direction [Fig. 1(c)]. In an alternative but fully
equivalent picture, shifting the trap center from (0, 0) to
(x0, y0) can also be viewed as fixing the Berry connection
to A0 and changing the boundary condition at the edges
of the Brillouin zone by factors of eiLxx0 and eiLyy0 in
the px and py directions, respectively.
Even though we have so far discussed the mapping at
the level of the single-particle physics only, it is straight-
forward to extend it to a many-body system including
inter-particle interactions. The momentum-space many-
body Hamiltonian with N particles is then
HM =
N∑
a=1

E1(pa) + κ2
∑
n6=1
|A1,n(pa)|
2
+
κ
2
(i∇pa +A0(pa)− r0)
2
}
+HMint, (18)
where particles are labeled by the index a. It is however
crucial to note that a local and short-ranged real space in-
teraction translates into a non-local and long-ranged mo-
mentum space interparticle interactionHMint. An example
of such a momentum-space interaction is given in [12] for
the case of the harmonically-trapped Harper-Hofstadter
model.
IV. QUANTUM HALL EFFECT IN
MOMENTUM SPACE
We are finally in a position to discuss the momentum-
space analog of the quantum Hall effect. This effect can
be observed by looking at the momentum-space current
response as an analog magnetic flux is inserted through
a hole of the torus-shaped Brillouin zone. We consider a
5generic many-body system, described by the momentum-
space Hamiltonian (18). Since the insertion of a flux
corresponds to a shift in the trap center, we consider
adiabatically moving the trap center along the x direc-
tion according to a generic smooth function x0(t) (a fully
analogous analysis holds for the motion of the trap center
in the y direction). The current operator can be defined
in momentum space in analogy to the real-space current
operator (3) as [19]
j˜ =
N∑
a=1
κ [−i∇pa −A(pa)] = ∇r0H
M, (19)
where ∇r0 is the derivative with respect to r0.
We assume that we start from the many-body ground
state |ψ1〉 and adiabatically move the trap center in the
x direction. The momentum-space current in the py di-
rection is given by
〈j˜y〉 = 〈ψ(t)|∂y0H
M(t)|ψ(t)〉, (20)
where |ψ(t)〉 is the many-body state at time t. The
state |ψ(t)〉 can be expressed in terms of instanta-
neous many-body eigenstates |ψν(t)〉 of the momentum-
space Hamiltonian, labeled by an index ν, which satisfy
HM(t)|ψν(t)〉 = Eν(t)|ψν(t)〉. Here, Eν(t) is the ν-th in-
stantaneous eigenvalue of HM(t) at time t, which is also
the ν-th eigenvalue of the original real-space Hamilto-
nian H at time t. Note the difference between En and
Eν ; the former is the band dispersion of the periodic part
of the Hamiltonian H0, whereas the latter is the energy
of the full Hamiltonian H. Then, up to the first order in
time-dependent perturbation theory, we have [18]
|ψ(t)〉 ≈ |ψ1(t)〉 − i
∑
µ6=1
〈ψµ(t)|∂t|ψ1(t)〉
E1 − Eµ
|ψµ(t)〉. (21)
Inserting this expression into (20), we obtain
〈j˜y〉 =
∂E1
∂y0
− i
(〈
∂ψ1(t)
∂y0
∣∣∣∣ ∂ψ1(t)∂t
〉
− c.c.
)
=
∂E1
∂y0
+
∂x0
∂t
i
(〈
∂ψ1(t)
∂x0
∣∣∣∣ ∂ψ1(t)∂y0
〉
− c.c.
)
≡
∂E1
∂y0
+
∂x0
∂t
Ω˜(r0), (22)
where Ω˜(r0) is the Berry curvature in r0 space.
The connection between 〈j˜y〉 and the quantum Hall ef-
fect may be more transparent when one writes ∂tx0 =
∂tΦx/Lx. The term ∂tΦx acts as an “emf” in momen-
tum space coming from the Faraday’s law in momentum
space, so ∂tx0 is nothing but the induced artificial electric
field in momentum space. Thus, the Hall conductivity in
momentum space is given by
σ˜yx = −σ˜xy = Ω˜(r0), (23)
which is exactly the analog of the real-space Hall con-
ductivity (11). This expression shows that the Niu-
Thouless-Wu formulation of the quantum Hall effect ap-
plies also to momentum space. Note that generally
speaking there can be a momentum-space current even
in the absence of the artificial electric field due to the
first term of (22), which gives the persistent current in
momentum space [19]. Such a persistent current can also
exist in the real-space quantum Hall effect; an analogous
expression for the real-space Hall current including the
persistent current can be found, for example, in [20]. As
noted in the Introduction, our quantum Hall effect in mo-
mentum space can be viewed as the dynamical quantum
Hall effect where the dynamical parameter is the trap
center position r0 [13].
The momentum-space current derived above is an ex-
perimentally observable quantity. In fact, since r =
i∇p+A0 from the minimal coupling in momentum space,
we have from (19) that
j˜ = −κ
N∑
a=1
(ra − r0) . (24)
Thus, the momentum-space current is just the mean po-
sition of the wave function measured from the trap center
times a constant factor (−κ). In this paper, we refer to
the expression (22) as the geometrical expression of the
momentum-space current, and the expression (24) as the
observable expression. In the next section, we apply the
general theory developed in this section to a particular
model, a trapped Harper-Hofstadter model, and numer-
ically verify that the geometrical and observable expres-
sions for the momentum-space current indeed agree.
In order to experimentally observe the “quantized” na-
ture of the momentum-space Hall current, it is convenient
to consider an analog of the net adiabatic charge trans-
port after the trap center is moved by one unit cell in
real space from x0(0) = 0 to x0(T ) = 2pi/Lx. The charge
transport in momentum space is given by
Py ≡
∫ T
0
dt〈j˜y〉 =
∫ T
0
dt
∂E1
∂y0
+
∫ 2pi
Lx
0
dx0Ω˜(r0). (25)
The first term, coming from the momentum-space per-
sistent current, depends on the particular way x0(t) is
realized, while the second term depends only on the geo-
metrical properties of the momentum-space model and is
independent of the particular time dependence of x0(t).
By taking the average of the measured Py for different
values of y0, the persistent current term vanishes and one
obtains
P¯y ≡
Ly
2pi
∫ 2pi
Ly
0
dy0Py
=
Ly
2pi
∫ 2pi
Ly
0
dy0
∫ 2pi
Lx
0
dx0Ω˜(r0)
= LyC˜, (26)
6where C˜ is the Chern number in r0 space. Thus, P¯y/Ly
is quantized to an integer value.
The observable expression for the charge transport in
momentum space is
Py = −κ
N∑
a=1
∫ T
0
dt (〈ya(t)〉 − y0) , (27)
which can be estimated by measuring the mean position
of the wave function as the trap center moves. Experi-
mentally, the quantization of P¯y/Ly to C˜ can be checked
by repeating the measurement of (27) for different values
of y0.
This averaging procedure is to be contrasted with the
real-space quantum Hall effect where multiple experi-
ments with different twisted boundary conditions are not
needed to obtain the quantized Hall conductance in a
large system approaching the thermodynamic limit [7, 8].
This is because, in the thermodynamic limit, the Berry
curvature in the parameter space of the twist boundary
condition becomes flat, so only one value of the bound-
ary condition suffices to make the charge transport quan-
tized. In contrast, the thermodynamic limit cannot be
taken in the momentum-space quantum Hall effect, as
the size of the Brillouin zone is not an extensive quan-
tity, so, generally speaking, the averaging as done in (26)
is necessary to obtain a quantized value. However, as we
discuss later, in suitable limits where the Berry curvature
Ω˜(r0) becomes flat and the persistent current vanishes,
the quantization
Py/Ly ≈ C˜ (28)
holds even when Py is calculated for one particular value
of y0.
V. TRAPPED HARPER-HOFSTADTER MODEL
We now apply the theory developed in the previ-
ous sections to a particular model, namely, the Harper-
Hofstadter model: a two-dimensional tight-binding
model with a uniform perpendicular magnetic field. The
Hamiltonian of the Harper-Hofstadter model on a square
lattice with a magnetic flux 2piα piercing through a pla-
quette is
H0 = −J
∑
x,y
(
aˆ†x+1,yaˆx,y + e
i2piαxaˆ†x,y+1aˆx,y +H.c.
)
,
(29)
where aˆx,y is the annihilation operator of a particle at
a site (x, y), and J > 0 is the hopping amplitude. We
assume the lattice spacing to be 1, and that x and y are
both integers. Writing α = p/q, where p and q are co-
prime integers, the Harper-Hofstadter model has q bands,
which are all topologically nontrivial. Our gauge choice
in (29) corresponds to the Landau gauge, and the Hamil-
tonian has the translational invariance as x→ x+ q and
y → y + 1. This implies that the most natural choice of
the Brillouin zone has lengths Lx = 2pi/q and Ly = 2pi.
We consider the Harper-Hofstadter model coupled to
a harmonic trapping potential, so that the total single-
particle Hamiltonian is
H = H0 +
1
2
κ
∑
x,y
{(x− x0)
2 + (y − y0)
2}a†x,yax,y. (30)
where, as before, κ is the strength of the harmonic trap-
ping potential. We start our discussion by focusing in
this section on the non-interacting single-particle case
and we postpone the discussion of the weakly interacting
case to Sec. VI. The momentum-space effective model of
(30) and its band structure and ground states have been
discussed at length in [11, 12, 21]. We now explore the
momentum-space quantum Hall effect of this model.
Note that in this model, the single-particle ground
state is nondegenerate provided one works with a Harper-
Hofstadter band with a momentum-space Chern number
|C| = 1; in this case, the nonzero gap to the first excited
state is set by the trapping potential. In suitable regimes,
this gap has the physical meaning of the momentum-
space cyclotron energy [11].
A. Momentum-space persistent current
We first focus on the first term in (22), which is the
persistent current in momentum space. Comparing ge-
ometrical (22) and observable (24) expressions for the
momentum-space current, when the trap center is not
moving (∂tx0 = 0) we have
−
〈j˜y〉
κ
= 〈y〉 − y0 = −
1
κ
∂E0
∂y0
. (31)
This relation implies that the position of the trap center
y0 and the center-of-mass position of the wave function
〈y〉 are generally different. This difference has an inter-
pretation as the persistent current in momentum space,
and it is related to the analog of the group velocity ∂y0E0
in r0 space.
We now numerically confirm the relation (31). In
Fig. 2, we plot the middle and right expressions of (31)
for α = 1/4 and κ = 0.01J . We estimate the middle
(observable) expression in (31) by numerically obtain-
ing the ground-state wave function of (30) and calculat-
ing 〈y〉 − y0. The right (geometrical) expression in (31)
is instead estimated through the numerically obtained
ground-state energy of (30). We see a perfect agreement
between these two different methods to calculate the per-
sistent current in momentum space.
B. Geometrical contribution to the
momentum-space current
Now, we move on to understand the second term in
(22), which accounts for the momentum-space Hall con-
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FIG. 2: Persistent current contribution to the Hall current
−〈j˜y〉/κ as a function of y0 for x0 = 0, α = 1/4, and κ =
0.01J . The solid line is the geometrical right-hand side of
(31), and dots are the observable middle expression of (31)
calculated from the non-interacting ground state.
ductivity. It is numerically (and experimentally) easiest
to consider the case when the persistent current term is
absent, for example, when r0 is chosen to be along the
high-symmetry line at y0 = 0 (see Fig. 2). Then, com-
paring (22) and (24), one obtains
−
〈j˜y〉
κ
= 〈y〉 = −
1
κ
dx0(t)
dt
Ω˜(r0). (32)
In particular, when the trap center is moving with a con-
stant velocity x0(t) = vt, one has the following relation
〈y〉 = −
v
κ
Ω˜(r0), (33)
which shows how the mean displacement of the wavefunc-
tion 〈y〉 is directly proportional to the Berry curvature in
r0 space. This is the analog of the anomalous Hall effect
in momentum space.
To quantitatively check this relation, we perform the
real-time simulation of the non-interacting Schro¨dinger
equation starting from its ground state for a trap center
at r0 = 0 and then slowly moving the trap center along
the x axis. For α = 1/4 and κ = 0.01J , we plot the
result of the numerical simulation in Fig. 3. We change
the velocity ∂tx0 ∝ tanh t starting from x0 = −2 so that
in the interval 0 < x0 < 4 the velocity is almost constant.
Both x0(t) and ∂tx0(t) are plotted in Fig. 3(a). The
motion of the trap center should be slow enough not to
cause any Landau-Zener transition to excited states; in
particular, the maximum speed of the trap center ∂tx0(t)
should be much slower than the minimum gap between
the lowest-energy state and the first excited state, which
in the current case is ∼ 2.4× 10−3J .
In Figs. 3 (b) and (c), the comparisons between the
left- and the right- hand sides of (33) are plotted for
two different velocities of the trap center sweep. The
(observable) left-hand side of (33) is calculated from the
real-time simulation of the wave function according to the
full Hamiltonian (30). The (geometrical) right-hand side
of (33) is instead numerically estimated by calculating
the r0-space Berry curvature through [22]
Ω˜(r0) = −2 Im
∑
n6=1
〈ψ1|∂x0H|ψn〉〈ψn|∂y0H|ψ1〉
(En − E1)2
. (34)
Note that both |ψn〉 and En are functions of r0. In
Fig. 3(b), we take the total sweep time to be Ttotal =
105/J , which corresponds to v ≈ 7.2× 10−5J in the con-
stant velocity region. In Fig. 3(c), the sweep is twice
faster than that in Fig. 3(b), namely, Ttotal = 5× 10
4/J
and v ≈ 1.44 × 10−4J in the constant velocity region.
In Fig. 3(b), perfect agreement is found throughout the
whole region where the velocity of the trap center is al-
most constant, whereas the deviation visible in Fig. 3(c)
is due to the faster motion of the trap center which makes
the dynamics less adiabatic.
C. Numerical verification of the momentum-space
quantum Hall effect
We now numerically verify the momentum-space quan-
tum Hall effect. As we mentioned above, one can in
principle choose different values of y0, and the average
charge transport should be quantized as in (26). Alter-
natively, the charge transport even for one value of y0
can approach a quantized value as in (28) when the Berry
curvature in r0 space becomes flat. As mentioned in the
original Niu-Thouless-Wu paper [7], this is the case when
the underlying potential is flat and the interparticle in-
teraction is negligible. In our momentum-space setup,
the underlying potential becomes flat compared to the
band gap and/or the kinetic energy in the limit of large
κ or small α. As in these limits one can approximate the
momentum-space magnetic field as being uniform across
the whole magnetic Brillouin zone, one expects that the
quantization of the charge transport is observable with-
out taking an average. This statement will be numeri-
cally confirmed in the following.
We consider either y0 = 0 or 0.5, in which case
the persistent current contribution to the momentum-
space current vanishes. We sweep the trap center from
x0 = 0 to 1 according to a sinusoidal time dependence
x0(t) = [1 − cos(pit/T )]/2. Note that, unlike in the pre-
vious subsection where we probed the geometrically lo-
cal property Ω˜(r0) by moving the trap center at a con-
stant speed, the charge transport (25) does not depend
on a particular form of x0(t) and thus does not require
the sweep of the trap center to have a constant speed.
The geometrical and observable expressions of the charge
transport satisfy the following relation:
Py
Ly
=
q
2pi
∫ 1
0
dx0Ω˜(r0) = −
qκ
2pi
∫ T
0
dt[〈y(t)〉 − y0], (35)
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FIG. 3: Simulation of the momentum-space Hall conductivity for α = 1/4 and κ = 0.01J . (a) The position of the center of the
trap x0 (solid line and the left axis) and the velocity of the trap motion ∂tx0 (dashed line and the right axis) are plotted as a
function of time in units of the total sweeping time Ttotal. (b), (c) The mean position of the wave function 〈y〉 as a function of
the center of the trap x0. The solid line is the numerically obtained value of the observable 〈y〉 from the real-time simulation
starting from the ground state, whereas the dashed line is the geometrical prediction −vΩ˜(r0)/κ. The total sweep time is
Ttotal = 10
5/J for (b) and Ttotal = 5 × 10
4/J for (c). As predicted by Eq. (33), the two lines agree well for (b) in the region
where the velocity is almost constant. The deviation of the two lines seen in (c) is due to the faster sweep causing the transition
to excited states.
which should recover the quantized value of C˜ in the limit
of flat Ω˜(r0). For the trapped Harper-Hofstadter model
with α = 1/q, the Chern number C˜ in r0 space is always
+1, as detailed in Appendix A.
In Fig. 4, we plot the estimate of (35) for increasing κ
and decreasing α, for both y0 = 0 and 0.5. In Fig. 4(a),
we fix α = 1/4 and vary κ and compare the middle and
the right expressions of (35). The (geometrical) middle
expression is numerically estimated from (34), while the
(observable) right-hand side of (35) is estimated from the
real-time simulation of the Schro¨dinger equation starting
from its ground state for the trap center at r0 = 0. We see
that the estimate of (35) approaches the quantized value
+1 as κ becomes larger. The further increase of κ beyond
the region plotted in Fig. 4(a) results in a strong devi-
ation of Py/Ly from 1, because the single-band approx-
imation we employed upon deriving (16) breaks down
for a too large trap strength κ [11]. The appreciable re-
maining deviation that one can see in the plotted region
around, say, κ ≈ 0.2 can be attributed to the significant
variation of the energy dispersion and the Berry curva-
ture across the magnetic Brillouin zone for the relatively
large α = 1/4 considered here.
An even more favorable regime is illustrated in
Fig. 4(b), where we plot the middle and the right ex-
pressions of (35) for a fixed value of κ = 0.01J and vary-
ing α. In this case, the transported charge quickly con-
verges to an integer value +1 as α → 0, which confirms
that the quantization is excellently recovered provided
one chooses a suitable regime.
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FIG. 4: Estimated charge transport Py/Ly . The lines are the
geometrical contribution to the charge transport (the mid-
dle expression of (35)), and the dots are estimated from the
numerical calculation using the observable expression of the
charge transport (the right expression of (35)). The lower line
and dots are for y0 = 0 and the upper line and dots are for
y0 = 0.5. (a) α = 1/4 is fixed and κ is varied. (b) κ = 0.01J
is fixed and α is varied.
9VI. INTERACTING SYSTEM
In the previous section, we have studied the
momentum-space integer quantum Hall effect for non-
interacting particles. In the presence of a very weak in-
teraction, the ground state for bosons is still unique and
gapped and one can expect that the integer quantum
Hall effect in momentum space is still observed with no
qualitative nor quantitative change.
The situation is far more interesting for stronger inter-
actions, but still in the mean-field regime of dilute Bose
gases. For this regime, we have previously found within
mean-field theory that the harmonically trapped Harper-
Hofstadter model can have degenerate ground states that
spontaneously break a rotational symmetry [12]. From
the general theory of the quantum Hall effect [7, 10], we
know that a topological degeneracy of the ground state
in a toroidal geometry typically implies fractional states.
It is therefore natural to wonder if the degeneracy found
in [12] for a mean-field regime can be somehow related to
some kind of fractional states in momentum space and if
one can access the fractional quantum Hall effect in mo-
mentum space. Although this is unfortunately not the
case, as we discuss below, it is interesting to consider
why the previously found ground-state degeneracy does
not imply a fractional quantum Hall effect in momentum
space. While this negative result is, in a way, not surpris-
ing as the interaction we are considering is a mean-field
one, it does not exclude at all the possibility of obtaining
fractional states if one includes stronger beyond-mean-
field interactions, as will be the subject of future work.
FIG. 5: Spatial density profile of one of the four degenerate
ground states of the trapped Harper-Hofstadter model with
κ = 0.02J and UN = 0.5J when the trap center is located at
(a) r0 = (0, 0) and (b) r0 = (1/2, 1/2). (c) Schematic draw-
ing of the real-space lattice displaying the two trajectories γ1
(along solid black arrows) and γ2 (along a dotted green arrow)
discussed in the main text for moving the center of the trap.
A typical example of a degenerate, symmetry-
breaking ground state of the interacting trapped Harper-
Hofstadter model when the trap center is at the origin,
r0 = (0, 0), is depicted in Fig. 5(a). A characteristic fea-
ture of this state is that the density is concentrated in the
first quadrant. Since the 90◦ rotation modified with an
appropriate phase is a symmetry of the system [12, 23–
25], one can construct three other degenerate ground
states from the state in Fig. 5(a) by modified rotations.
We consider moving the trap center along the square-
shaped trajectory γ1 described in Fig. 5(c) along the path
(0, 0) → (1, 0) → (1, 1) → (0, 1) → (0, 0). Tracking how
a ground state evolves as the trap center follows γ1, we
have found that when the trajectory is completed and the
trap center comes backs to the original point (0, 0), the
ground state is transformed into a different degenerate
ground state.
This strange transformation of the ground states im-
plies that there is at least one point within the region
enclosed by the trajectory where the adiabatic motion is
not well defined. One can see this by the following simple
thought experiment. We can imagine making the trajec-
tory γ1 gradually smaller, while fixing the initial and the
final points at the origin (0, 0). If the adiabatic motion is
everywhere well defined inside the trajectory of γ1, mak-
ing the trajectory smaller does not change the initial and
the final states, and the initial and the final states should
always be different degenerate ground states. However,
when the trajectory is sufficiently small, the initial and
the final states should be the same, which is a contradic-
tion. Therefore, there must be a point within the trajec-
tory of γ1 where the adiabatic motion is ill defined. The
adiabatic motion can be ill defined, for example, either
when the gap to excited states close, or when two ground
states merge, or when the adiabatic trajectory reaches
saddle points in the energy landscape. When the adi-
abatic motion is not well defined, the Niu-Thouless-Wu
formalism fails and it does not give rise to the quantum
Hall effect.
In fact, the ground state is four-fold degenerate only at
high-symmetry points such as the origin r0 = (0, 0). For
a general value of r0, the ground state is uniquely deter-
mined. At the middle of a plaquette r0 = (1/2, 1/2), the
system again has the four-fold modified rotational sym-
metry, and the symmetry-breaking ground state is four-
fold degenerate; a typical state is depicted in Fig. 5(b)
and shows that the density is concentrated in the upper
half-plane.
The reflection symmetry of the ground state at r0 =
(0, 0) [Fig. 5(a)] and of the one at r0 = (1/2, 1/2)
[Fig. 5(b)] are therefore different; the former is symmet-
ric with respect to the reflection along a diagonal line,
whereas the latter is symmetric with respect to a hori-
zontal or vertical line. Therefore, as one moves the trap
center along the diagonal (0, 0) → (1, 1) following the
trajectory γ2 in Fig. 5(c), the state depicted in Fig. 5(a)
initially keeps the original reflection symmetry along the
diagonal, but eventually needs to break this symmetry
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around the center r0 = (1/2, 1/2) spontaneously falling
into one of the ground states of Fig. 5(b) with a differ-
ent symmetry. It is at this central point r0 = (1/2, 1/2)
where the adiabatic motion is ill defined in this mean-
field model.
In more formal terms, the absence of fractional quan-
tum Hall physics in mean-field theory can be traced back
to a crucial mathematical difference between the degen-
erate ground states in standard fractional quantum Hall
systems in the presence of strong interactions [7, 10] and
the ones predicted by the nonlinear Schro¨dinger equation
with the mean-field theory of [12].
In the former theory, the degenerate ground states be-
long to a linear sub-space so that any linear combination
of these is also a ground state and the outcome of trans-
port around a loop in r0 space is a linear operation within
the linear space of ground states; in particular, when the
loop is contracted to a point, this linear operation tends
to the identity. On the other hand, in the latter case, the
degenerate ground states correspond to discrete points
in the phase space, so they can not be continuously de-
formed one into another as one contracts a loop. This
explains why contracting a trajectory giving a non-trivial
effect on the wave function like γ1 must necessarily hit
some singular point.
VII. DISCUSSION
Promising experimental systems in which to observe
the quantum Hall effect in momentum space are ultra-
cold atomic gases, where the Harper-Hofstadter model
has been recently realized [26–29], and the harmonic
trapping potential required to observe the momentum-
space quantum Hall effect is naturally present. The
mean position of the wave function, which is propor-
tional to the momentum-space Hall current, is directly
measurable through the center-of-mass position of the
Bose-Einstein condensate. Furthermore, the trap center
can be controlled by applying a linear potential gradient
whose strength can be varied in a well-controlled manner.
Once the system is cooled into a Bose-Einstein conden-
sate [29], the remaining experimental challenges for the
quantitative validation of the momentum-space quantum
Hall effect are mostly of quantitative nature and reduce
to the precise control of the trap center and the very
high accuracy in the measurement of the center-of-mass
position.
Another promising platform in which to observe the
momentum-space quantum Hall effect is offered by pho-
tonics systems, where the Harper-Hofstadter model has
been realized in coupled cavity arrays [30] and a har-
monic trapping potential can be readily applied by vary-
ing the resonant frequencies of the cavities in a position-
dependent and time-dependent manner. In this case,
however, a potential difficulty requiring further explo-
ration comes from the interplay of the adiabatic fea-
tures discussed in this work with the intrinsically driven-
dissipative nature of the photonic system [16].
VIII. CONCLUSION
In this paper, we have investigated a novel form of
the quantum Hall effect that takes place in momentum
space. Exploiting the fact that the Brillouin zone nat-
urally has a toroidal structure, we have shown that the
Niu-Thouless-Wu formalism of the quantum Hall effect in
terms of twisted boundary conditions can be directly re-
alized in momentum space. We have numerically verified
the integer quantum Hall effect in momentum space by
analyzing the harmonically trapped Harper-Hofstadter
model.
Our results open up new perspectives in the study of
the quantum Hall effect by allowing one to experimen-
tally access various results for which the toroidal geom-
etry is crucial. Of particular interest is the investigation
of fractional quantum Hall states in momentum space,
and of how the topological degeneracy of such states
could be experimentally probed. Because of the non-
local and long-range nature of interactions in momen-
tum space, fractional states in momentum space cannot
be obtained straightforwardly from the analogy to the
real-space counterpart. Although it has been anticipated
that certain types of strong interactions in the presence of
a confining potential and a flat dispersion with nontrivial
topology can lead to the fractional states in momentum
space [17], many questions remain open. Therefore, the
idea of the momentum-space quantum Hall effect has the
potential to become an important tool for the experimen-
tal study of exotic fractional states.
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Appendix A: Chern number in the parameter space
of r0
In this appendix, we calculate the Chern number C˜ in
the parameter space of the trap center position r0. As
in the main text, the flux in the underlying real-space
Harper-Hofstadter model takes the form α = p/q, where
p and q are coprime. In the following, we assume |α| <
1 and q > 0 without loss of generality. As discussed
in [12], in the small trap limit, one effectively obtains a
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tight-binding model in momentum space, given by the
following form:
HMTB = −J
′
q−1∑
ν=0
[
α†ν+1αν + α
†
ναν+1
+2 cos(2pix0/q + 2piC/q)α
†
ναν
]
, (A1)
where C is the Chern number of the real-space Hofstadter
lattice with a flux α = p/q, and αν is the annihila-
tion operator of a particle in the Wannier state localized
in momentum space at momentum (0, 2piν/q). The de-
pendence on y0 enters through the boundary condition
αq = e
i2piy0α0. To make the y0 dependence more explicit
in the Hamiltonian, we now perform the transformation
α˜ν ≡ e
−i2piy0ν/qαν . Then, the Hamiltonian is
HMTB = −J
′
q−1∑
ν=0
[
e−i2piy0/qα˜†ν+1α˜ν + e
i2piy0/qα˜†ν α˜ν+1
+2 cos(2pix0/q + 2piCν/q)α˜
†
να˜ν
]
(A2)
with α˜q = α˜0. Diagonalizing this Hamiltonian, one ob-
tains the energy band structure in the parameter space
of the trap center r0, and from the eigenstates, one can
calculate the Berry curvature and the Chern number in
r0-space.
The Chern number in r0 space can be, however,
obtained without an explicit calculation by noticing
the following similarity with the real-space Harper-
Hofstadter model. For the real-space (untrapped)
Harper-Hofstadter model with a flux through a plaquette
α′ = p′/q and the hopping amplitude J ′, the Hamiltonian
is diagonal in kx and ky, which are momenta along the x
and y directions, and takes the form [22]
Hkx,ky =− J
′
q−1∑
ν=0
[
e−ikyc†kx+2piα′(ν+1),kyckx+2piα′ν,ky
+eikyc†kx+2piα′ν,kyckx+2piα′(ν+1),ky
+2 cos(kx + 2piα
′ν)c†kx+2piα′ν,kyckx+2piα′ν,ky
]
(A3)
for a given kx and ky, where (kx, ky) lie within the mag-
netic Brillouin zone 0 ≤ kx ≤ 2pi/q and 0 ≤ ky ≤ 2pi, and
ckx,ky is the annihilator of a particle with a crystal mo-
mentum (kx, ky). Diagonalizing Hkx,ky one obtains the
band structure and the Berry curvature in the Brillouin
zone. Comparing (A2) and (A3), one notices a clear sim-
ilarity. In particular, the two Hamiltonians are the same
once we make correspondence:
2pix0/q ←→ kx,
2piy0/q ←→ ky,
C/q ←→ α′ = p′/q,
α˜ν ←→ ckx+2piαν,ky . (A4)
This implies that the Chern number in r0 space calcu-
lated from (A2) is equal to the Chern number of the or-
dinary Harper-Hofstadter model with the flux α′ = C/q.
For the Harper-Hofstadter model, there is a Diophan-
tine equation which gives the Chern number of any
band [4, 22]. The Diophantine equation applied to the
lowest band of the Harper-Hofstadter model with flux
α = p/q tells that the Chern number C is the unique
integer in the range −q/2 ≤ C ≤ q/2 which satisfies
1 = qs− pC, (A5)
where s is an integer. As derived above, the Chern num-
ber in r0 space is equal to the Chern number of an ordi-
nary Harper-Hofstadter model with flux C/q. This means
that the Chern number of the lowest band in r0 space,
C˜, satisfies
1 = qs− CC˜. (A6)
Comparing (A5) and (A6), one obtains that when |p| ≤
q/2, C˜ = p, when p > q/2, C˜ = p−q, and when p < −q/2,
C˜ = p+ q. In particular, when α = 1/q, C˜ = 1 as used in
the main text.
Even though the derivation given here is restricted to
the small trap limit, the result for the Chern number C˜
remains correct also for larger trap strengths, as long as
the energy gap in r0 remains open.
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